












































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Let R and C represent the real and complex number elds, N = (1; 2; : : : ) denotes the set
of positive integers. Let 
 be a nite set of positive integers (1; 2; : : : ; n) for some n 2 N or
let 





, observing that convergence is required when






is to be read as 'for all elements x belonging to the set X'.
Suppose given a nite or countable set of intervals I
r
 R(r 2 









 1; each I
r
may be open or closed, and bounded or unbounded. The
intervals fI
r
; r 2 
g may overlap or be disjoint in any pattern.
Linear quasi-dierential expressions on the interval I
r
for a xed r are considered in detail in
the Everitt, Marcus papers [1], [2].
On each interval I
r
(r 2 








the order n(r)  2(r 2 








Lagrange adjoint of A
r





















)the quasi-dierential expressions with








: r 2 
g be nonnegative weights on I
r










(for almost all x 2 I
r










) for r 2 
.

























































































) := ff : I
r
! C : f(3)







































) := ff : I
r








































) = 0(s = 1; 2; : : : ; n(r))g(6)





















) and the weight w
r
















































































































































































For the T operators we dene by T
0






and for the S operators we dene by
0








)(the denitions are given in the book [6, Chapter 6, Section1], see also [5]).












for a xed r were investigated in the paper
[5]. Particularly, it is shown that all four operators are closed and unbounded in their acting




































The purpose of this paper is to extend the results of the paper [5] for a xed r to the case of
nite or countable number of intervals fI
r
gr 2 
 as dened above, considering the corresponding















There are a number of earlier contributions on this subject, but all of them are involved with
















(see paper [4], it also has a survey of the results on this subject).




locally convex, linear topological space, where the topology is derived from a countable family





) is also a complete, locally convex linear topological space but now
with the topology derived as a strict inductive limit [5].
3
2. Spaces
The vector space L
loc























in the following way: the vector elements of L
loc
are f = ff
1
; : : : ; f
r

































From the standard methods given in [7, Chapter V, Section 1] the family of semi-norms
fk  k
m
: m 2 Ng denes a Hausdorf topology  on the space L
loc
such that the pair fL
loc
; g is
a locally convex, linear topological space.
A neighbourhood base at the null function 0 in L
loc





< (m 2 J
s
)g
for all  > 0 and all s 2 N , where fJ
s
; s 2 Ng is the (countable) collection of all nite sets of




; : : : ; n
p
g. This base then extends to give the topology  for
the whole space L
loc
.
It is to be noted that the topology  is independent of the particular choice of intervals dened
in (2).





; k 2 Ng. This sequence is said to converge to f in the space fL
loc
; g if for all m 2 N , it
converges to f in the seminorm k  k
m
.




We also require the Banach space L
1
m




:= ff = (f
1
; : : : ; f
r
















as a linear vector space of functions g = (g
1
; : : : ; g
r

























In order to dene a topology on L
1
0
as a strict inductive limit of normed topological spaces
























































is a locally convex, complete, linear topological space, and it is called the strict inductive limit




In this paper we do not make direct use of this topology  for L
1
0
but work equivalently with





; : : : ; g
r;k
; : : : ) 2 L
1
0
: k 2 Ng, then this sequence converges to g = (g
1
; : : : ; g
r
; : : : ) 2 L
1
0



























Now we will show that the rst conjugate space to L
loc




that is, if G : L
loc
! C is a linear functional which is continuous in the topology  , then G can
be represented in the form
















for a uniquely determined element g = (g
1
; : : : ; g
r
; : : : ) 2 L
1
0




the formula (14) denes the unique continuous in the topology  functional in L
loc
. In the usual










To prove Theorem 1 we introduce two more vector Banach spaces:
L
1
:= ff = (f
1
; : : : ; f
r






































:= fg = (g
1
; : : : ; g
r























is isometrically isomorphic to L
1
.
Proof. Suppose we are given a linear continuous functional G dened in L
1
. We show that



















For a given r 2 
 we consider vectors of the form
~
f = (0; : : : ; 0; f
r
; 0; : : : ). Then obviously there





























































(x)j  kGk(r 2 
):(18)
Since r is an arbitrary, we dene the function g = (g
1
; : : : ; g
r
; : : : ) from L
1
. Now for any
f = (f
1
; : : : ; f
r
; : : : ) 2 L
1
























and together with (18) we will get kGk = kgk
1
.
Suppose now conversely, we are given g 2 L
1

























But if we denote by
~
f vectors of the form (0; : : : ; 0; f
r





































This implies together with (19) the equality kGk = kgk
1







are isometrically isometric. Lemma 1 is proved.







Proof of Theorem 1. For a given g 2 L
1
0

















Therefore, if we identify the above functional G with the function g 2 L
1
0
, then for two vector












as vector spaces and every convergent sequence
in L
1
is convergent in L
loc
, then any linear continuous functional in L
loc
is such a functional in
L
1















has the form (17) with a uniquely determined element g 2 L
1
.
Let g be an element of L
1



















then g = (g
1
; : : : ; g
r





Suppose that this is not the case; then for any m 2 N there exists r
m
2 
 (in general, any
of the numbers r
m
may coincide with each other, for example, in case when 



















has a positive measure jE
r
m
j > 0 (by the weighted measure d := w
r
(x)dx). Hence









j > 0 and a positive number 
r
m











Now we choose f = (f
1
; : : : ; f
r

















if x 2 e
r
m








(x) = 0 for r 6= r
m
. Obviously f 2 L
loc











and Theorem 1 is proved.






We have introduced quasi-dierential expressions in Section 1 above; we give here some ad-
ditional information. For reference see [1], [2], [3] and [4].
Let r be an arbitrary integer from 






























(x) 6= 0( almost all x 2 I
r




= 0( almost all x 2 I
r
;m = l + 2; : : : ; n(r) and l = 1; 2; : : : ; n(r)  2):
Given f : I
r




: l = 0; 1; 2; : : : ; n(r)g of f with respect to A
r

































































































































































(k = 1; 2; : : : ; n(r))
= 0(k;m otherwise ):



















then the matrix A
r
is
called Lagrange symmetric. For these results and additional properties see the notes [1].

























be dened as above.
For the set of expressions fM
A
r
g dened in the intervals fI
r



































: r 2 








































: r 2 
















































: r 2 











































: r 2 






















4. Dense and total sets
We make the following denitions which are consistent the denitions made in [6, Chapter II,
Section 2], see also [5].











)(m 2 N) be given as in (2); then
1. The set D  L
loc
is dense in L
loc
if for each integer m 2 N , the restriction of all the
elements of D to the intervals fI
r;m




2. The set D  L
1
0
is total in L
1
0
if for each f 2 L
loc





































Proof. 1. Let f 2 L
1
m






































for r = 1; : : : ; n. Let g
r
= 0 for all r > n, then
g = (g
1
; : : : ; g
r



















is also dense in L
loc
.
2. It is sucient to prove: if for some f 2 L
loc




then f = 0. So we assume that (28) holds for all g 2 D
1
0A
. We choose g vectors of the form
g = (0; : : : ; 0; g
r



























is total, we have f
r
= 0. But since r is arbitrary, then f = 0.
5. Closed operators
This Section is concerned with the closed properties of the T and S operators. For this
purpose we introduce the product of the space L
loc




















The topology in these spaces is dened as follows:
(a) For the space L
loc




























and m 2 N)
(b) For the space L
1
0
it can be shown that the product topology for L
1
0
may be dened by









(a) The graph of the operator T is the set G(T ) := f(f ; T f) : f 2 D(T )g;T is closed if G(T )
is a closed set in L
loc
;T is closeable if it has a closed extension.







The minimal closed extension

T of a closeable operator is called the closure of T .
We can now state:
Theorem 3. Let the operators T and S be dened as in (21), (23), (25) and (27); then




are closed in L
loc
;













be such that ff
n





to g in L
loc
. Now we have to show that f 2 D
1
0A


























































) for all m =
1; 2; : : : ; hence in L
1
loc;r
. Now from [5] T
0A
r





















f = g and so T
0A
is closed in L
loc
.
All the other statements of the Theorem can be proved in the same way.
6. The main relationship between the operators T and S
In the space L
loc
we use the denitions of conjugate operator as in Hilbert spaces;




be a linear operator with a dense domain D(T ).
Let D(T
0
) be the set of elements g 2 L
1
0




< T f ;g >=< f ;h > (f 2 D(T ))




g = h; then T
0
is called the conjugate operator of T .
In the same manner we dene preconjugate operators, see [6, Chapter VI, Section 1].






be a linear operator with a total domain D(S). Let
D(
0
S) be the set of elements f 2 L
loc
for which there exists an element h 2 L
loc
such that
< f ; Sg >=< h;g > (g 2 D(S)):




Sf := h; then
0
S is called the preconjugate operator of S.
We note that the usual conjugate S
0











; this space is much bigger than L
loc
, for example, there are also generalized





. Not willing to deal with generalized functions we take the
preconjugate operator
0


























































Let f 2 D
1
0A














) for all r 2 



























































































+ . Let g 2 D(T
0
0A
) and for n 2 N , let f = (0; : : : ; 0; f
n

























































. Thus for general
f 2 D(T
0A



































































































The other statements of the Theorem can be proved in the same way.
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